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GENERAL INTRODUCTION 
One common form of arterial disease results in a localized constric­
tion of a major artery (stenosis). With the development of a stenosis, 
the blood perfusion to the vascular bed distal of the artery is altered, 
and consequently, irreversible damages to vital organs supplied by this 
artery can occur. One of the reasons that a developing stenosis is diffi­
cult to detect, and stenosis effects on the blood flow are difficult to 
assess, is that the problem of blood motion in a partially occluded 
artery is not completely understood. Thus, the purpose of this investiga­
tion is to study the motion of pulsatile flow in flexible tubes and to 
evaluate the relationship between the pulsatile pressure, pulsatile flow 
and the physical properties of the elastic tube. The approach used in­
volves the development of two mathematical models for pulsatile flow; one 
for an unobstructed flexible tube, and the other for an obstructed flexi­
ble tube. Solutions for pressures and flows are obtained from the model 
equations by employing a numerical method since tlie mudel 
ential equations are nonlinear in nature and have no available analytical 
solution. The numerical method used is the finite-element method which is 
applicable to nonlinear problems and can handle various b^undar^ condi­
tions and complex geometries with relative ease. 
Explanation of Dissertation Format 
Tne dissertation is divided into two major sections which are written 
in L:ie form of papers to be submitted rn cm/ throe r.ppcndiccs. 
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an unobstructed tube. The second paper involves the study of pulsatile 
flow in an obstructed tube. Appendix A includes further details on the 
finite-element development for the unobstructed tube and Appendix B in­
cludes details on the method of solution of the obstructed tube equations. 
Appendix C contains photographs of the laboratory system used to obtain 
the experimental data. 
No additional literature is cited in this introduction since refer­
ences relevant to this problem are included in sections one or two. The 
portion of the major work described herein was contributed by the author 
of this dissertation. However, this study could not have been satis­
factorily completed without the indispensable guidance and supervision of 
Professors D. F. Young and T. R. Rogge. 
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A finite-element model for pulsatile flow in a flexible straight tube 
is developed. The model is based on the continuity equation, the one-
dimensional momentum equation, and an equation of state relating tube 
cross-sectional area to pressure. Two versions of the model are solved 
numerically. One model is based on complete linearization of equations, 
whereas, the second model is based on a nonlinear equation of state. In 
both cases, the applicability of the model is checked by comparing pre­
dicted waveforms of pressure and flow with corresponding experimental re­
sults. The experimerital data are obtained from vitro measurements on a 
mechanical system which is arranged to record instantaneous pressures and 
flows. It is found that the linear model satisfactorily predicts the 
waveforms of pressure and flow under a variety of boundary conditions. 
However, further significant improvement of the predicted waveforms is 
achieved through the solution of a model which includes a nonlinear equa-
5a 
NOMENCLATURE 
A Cross-sectional area of vessel 
A- Average cross-sectional area at average pressure p^ 
[A] Coefficient matrix of linear terms in a model 
a Half length of an element 
[B] Coefficient matrix of nonlinear terms in a model 
b Half of a time step 
Cq Constant compliance 
C^,C.,C' Coefficients of nonconstant compliance 
U 1 _L 
D Vessel diameter 
f Frequency of waveform 
[N] Shape function matrix 
p Pressure 
p_. Nodal pressure 
Q Flow 
^ nncAl Flow 
-, 5;_ Vector of element degrees of freedom 
r Dimensionless axial length coordinate 
s Dimensionless time coordinate 
t T ime 
X Axial length coordinate 
Z Peripheral resistance 
{c} Vector of global degrees of freedom 
: Fluid densicv 
Wall shearing stress 
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INTRODUCTION 
The problem of pulsatile flow in a flexible tube has been considered 
bv numerous investigators primarily because of its applicability to the 
study of arterial blood flow. Cox [1] in a review paper notes twenty-one 
previous studies which use a linear propagation model to obtain a solution 
for this problem. The common features of all of these early studies were 
the assumptions that the tube was straight, the vessel wall was linearly 
elastic, and the contribution of the convective acceleration in the 
momentum equation was negligible. The most significant difference between 
[hem was the diiferenc assumptions made with respect Lo the behavior ui 
the vessel wall. If the axial motion of the wall is constrained, the 
linear model further reduces to a set of equations [2] which is analogous 
to those used in transmission line theory. The disadvantage of the linear 
models is that they fail to account for the effects of a nonlinear wall 
behavior and of a tapering tube. The attempt to incorporate these effects 
iiiLU di'i i; V c 1. à -L i. SUJULIÛÛ icu l O L U C  u c V c ] V uritcii L  O 1 null i xliccii- ixL'uc;. i . 
All the proposed nonlinear models are based on equations for one-dimen-
sional flow including the continuity equation and the momentum equation, 
••'.nd a third equation which relates the cross-section area of the tube with 
the pressure (equation of state). Generally, the form of the equation of 
state is based on experimental data, and the nature of the equation of 
state obviously depends on the vessel wall material. For arteries, an 
appropriate equation of state is not well-established, and frequently some 
or 0vnnniÇ>nt" i ; : '  r i  o r*>*r\cc — -n-y-û-i  
piTôSSUr^ !LS USéu . 
/ 
To complete the formulation of any model, two boundary conditions are 
specified, one at the proximal end of the tube, and the other at the 
distal end. Commonly these conditions are prescribed as a proximal pres­
sure and a distal impedance, or by the assumption that the tube is 
infinite. Analytical solutions for the linear model are available 
[1,2,3], whereas for the nonlinear model, the system of equations must be 
solved numerically. The methods that have been frequently used are the 
method of characteristics [7] and the method of finite difference [ôj• 
The concerns of this study are the development of a finite-element 
model for the study of pulsatile flow in a flexible tube, and to investi­
gate the applicability of the model experimentally. The finite-element 
method has been applied to a variety of engineering problems, and it is 
believed that it offers a viable alternative to other methods for the 
study of blood flow. Both linear and nonlinear models are examined with 
respect to: (a) agreement between the predicted and the corresponding 
experimental waveforms under a variety of boundary conditions; and (b) the 
sensitivity of the solutions to different parameters, such as the radius 
of the tube and tube compliance. 
GOVERNING EQUATIONS 
The motion of the pulsating flow is largely dominated by the dis-
tansibility of the tiibe ^sll, and by the forces due to the local accelera­
tion and axial pressure gradient. The motion is influenced to a lesser 
degree by forces due to friction and convective acceleration. The effects 
of friction and convective acceleration, which are functions of the 
velocity profile, can be approximated by terms which depend on the flow 
rate, and it is expected that the nature of these approximations will have 
little effect on the overall solution. The laws of conservation of mass 
and momentum yield, 
The system is completed by an equation of stare, 
\ ^ \ 3 'z V-"/
Several models for the wall shear stress are offered in the litera­
ture [5j. As mentioned above, since it does not appear to be highly sig­
nificant which model is used, the simplest model is adopted for the 
present study. It is given by the expression for a wall shear stress 
under conditions of steady and uniform flow, i.e.. 
(1) 
ana 
( 2 )  
9 
( 5 )  
where A is a parameter which depends on the velocity profile (A is one 
for uniform profile and four thirds for parabolic profile) , this term 
will generally be small and has been neglected in the present study. How­
ever, alternate forms for the^^^^g^^^^_ress and the inclusion of the 
convective accelerated the finite-element 
01 -i f- n oomo-
resoe 
tne 
Dres. 
: 01 j.c 
IS 
• • • • V P  
with no tapering A„(x 
two 
nuse or 
ur.ing tne 
state 
o.-r:nn. ana 
For a straight tube 
(b) The change in the 
:ross-sc LH y::'.a j_ 1. c. 
.In.XI - A. (XI 
.. , - u ( 7 )  
and consequently, the cross-sectional area which p.p-pt-ars in tiie coerfi-
mz-Nmo'nrwm ecuarion ^ s o\' de ,1 vucross-
where X is a parameter which depends on the velocity profile (X is one 
for uniform profile and four thirds for parabolic profile) , this term 
will generally be small and has been neglected in the present study. How­
ever, alternate forms for the wall shear stress ana the inclusion of the 
convective acceleration term could be incorporated into the finite-element 
model if deemed necessary. 
Linearized Model 
The system of equations (1), (2) and (3) may be nonlinear in two 
respects: first, because of the convective term, and second, because of 
the possible nonlinear dependence of the cross-sectional area on the 
pressure. The system was linearized by Westerhof et al. [8] by assuming tiie 
following: (a) Over the operating pressure range, the equation of state 
is linear and of the form, 
A(p,x) - = CgCxOCp - Pg) (b; 
ucLe is a constant compliance (3A/3p) at a given locitinn, and 
AQ(X) is the cross-sectional area at the pressure p^. For a straight tube 
with no tapering Aq(x) and Cq(x) are constant. (b) The change in the 
cross-sacuicnai area is small the cros: 
;A(p,x) - AgCx) 
Aq(x) 
<< 1  (7 )  
ind consequently, the cross-sectional area which appears in trie coeffi 
:ients the momentum ecuacion is annroximaced b\' ch.t- av^ra^e iTcss 
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section AQ(X). (C) The convective term in the momentum equation is small 
and can be omitted. The equations of the linear model are therefore 
^ lE 
and 
+ S  I?  "  °  (S)  
+ + (9) 
^0 
Nonlinear Model 
The assumptions that the change in the cross-sectional area is small 
compared with the cross-section itself, and that the convective term is 
small are considered to be valid also for the nonlinear model in the 
present study. However, the equation of state is assumed to have a 
quadratic polynomial form. For a straight tube, the equation of state is 
A - An = Cn(p - Pn) + C^Cp - p_)^ (10) 
U u u J- U 
where and are constants. This assumed form is based on experimental 
data to be described in a following section. The equations or tne non-
Linear model are therefore 
and 
where 
^0 = h] - "^i^o 
ind 
c[ = 2C^ (13b) 
Equations (12) and (13) constitute the basic flow equations for which 
the finite-element method is applied. It is evident that the linear model 
is easily obtained from equation (12) by setting the coefficient equal 
to zero. To complete the mathematical formulation of the problem, it is 
necessary to specify proximal and distal boundary conditions. The proxi­
mal boundary condition can be either the flow or pressure, specified as 
function of time. Similarly, the distal boundary condition can be a 
specified flow or pressure or alternatively, a terminal resistance can be 
used for this boundary condition. 
NUMERICAL METHOD 
The numerical method used in this study is the finite-element method 
[9,10] which is equally applicable to linear or nonlinear equations, and 
which can handle various types of boundary conditions with relative ease. 
The method was applied on both the time and the space dimensions to 
reduce the system of partial differential equations (12) and (13) to a 
system of algebraic equations. Each element has a rectangular shape 
(Figure 1), and its horizontal and vertical sides correspond to a length 
and a time step, respectively. A local coordinate system x and t and the 
corresponding dimensionless coordinate system r and s are attached to the 
centroid of the element. The relationships among x, t, r, and s are 
X r = — 
a 
and 
" = f 
T-jherp. a and b are half of the length and time steps, respectively. With­
in the element, the pressures and flows are prescribed by 
)'ij;ure ). l'jloment d i i;'.aL Icm re i n-escn L ing t(;La] Lube lengLli and one Lime incremenL 
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Substitution of the pressure and flow representation into equations (12) 
and (13) yields 
L. = FN^l r {6} + C:[N^] sj6} +C;[N^]{6} [N^] s^{ô}^ (15) 
1  r X 6  U  S l 6  X  2  
1, = f- ^ [S-){5)^ (16) 
0 Aq 
where 
The element equations are obtained by the use of the Galerkin method, 
^ab[N]^L^dA 4- ab[N]'^L^dA = 0, dA = dr ds 
The assemblage process is employed for a line of elements (Figure 1) to 
obtain the global set of equations which can be written as 
[A]{6} + [B]{0} = 0 
where 
10} = [p^, q^, p^ , P?^, ^ 2%] 
and lAl is a matrix of constant coefficients, and corresponds to the 
linear terms in the model. Matrix [B] includes variable coefficients 
which are function of the vector {5} and it corresponds t 
terms in the model. 
Initial Conditions 
In each time step the nodal values of the pressures and the flows at 
he bottom of the line element in Figure 1, i.e., the pressures and flows 
hat carrv an odd index, are specified from the solution of the previous 
(17) 
W  U t i V —  J .  i  1 .  i  - 1 .  - k .  4 .  1 .  »  
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multiplied by the corresponding coefficients in the matrices [A] and [Bl, 
and the summation of the products are carried to the right side of the 
equation to form a force vector {f}. Consequently, the number of unknowns 
in the matrix equation reduces to one-half of the original number of un­
knowns, which means that only half of the number of the original equations 
is needed to obtain a solution. A new matrix equation is formed by 
selecting the equations of the original system that correspond to the 
nodes with the unknown pressures and flows. The new matrix equation is 
written in the following form: 
[A"]{G"} -r [B"]{0"} = {f*} (IS) 
where the superscript " denotes the reduced form. It is noted that [A--] 
and [B*] are banded nonsymmetrical matrices with a bandwidth of 4. For 
the first time step, the initial conditions arc specified by setting the 
force vector {f--l to zero, which means that the solution starts and 
progresses through a transient period until it converges into a steady-
state mode. 
Boundary Conditions 
The boundary condition at the proximal end is specified by the in­
stantaneous value of either the pressure or the flow at node 2. Similar­
ly, the bC'U iiJar \ L v-JlL Ion at che distal end can be specified by eitner 
ti'ie instantaneous value of che pressure or the flow at node 2n, or alter­
natively by a terminal resistance. For a boundary condition which is 
speciried by either pressure or flow the treatment is to substitute its 
value into , multinlv it bv the nTn-ne-r r^efficients in the matrices 
17 
[A&] and [B*], and carry the summation of the products to the right side 
of the equation. Also, the equation corresponding to this boundary condi­
tion is replaced by an equation of the form ôf = 5* where 6^ is the 
boundary condition. With respect to a boundary condition specified by the 
terminal resistance, the treatment is to substitute for the 2n-th equation 
in the matrix equation, by an algebraic equation which relates the pres­
sure and flow at node n with the terminal resistance. 
Solution of the Algebraic Equations 
As noted previously, the linearized model is obtained by setting the 
constant C' equal to zero, which in turn yields a value of zero for the 
matrix [B*]. The solution for the linear model is obtained by employing a 
linear system solver routine for a banded nonsymmetrical matrix which is 
based on the Gauss Elimination Method. With respect to the nonlinear 
system, an iterative procedure is used. In each iteration, the following 
linear system is solved 
[A*]_{5*} = {f*} - [B*] , (19) 
' ' Tn I ' 11 I 
where m is the iteration number. The first guess for {6*} in time step k 
is specified by the solution of {6*} in time step k-1. The iteration 
procedure is continued until the iterations are assumed to converge. The 
criterion for convergence is given by 
(5*). 
= 1, 2, ..., 2n 
v:p.ere in is tne numoer or noces, anc ? %<= a s"ai i rem i number. 
i_0 IOa. u i lc SO-i-UulGn 01 
18 
model. It is simple to use, and it is relatively low on computer time 
consumption. 
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EXPERIMENTAL MODEL AND INPUT DATA 
A schematic of the basic flow system is shown in Figure 2. The main 
three components of the mechanical system are: (a) a pulsatile pump with 
a variable piston stroke driven by a variable speed motor; (b) a flexible, 
thin-walled latex tube; and (c) a peripheral resistance consisting of a 
number of small diameter polyethylene tubes connected in parallel. In 
this system, the flow is controlled by the piston stroke, the pressure by 
the peripheral resistance, and the frequency by the motor speed. The 
pressures at the inlet and the outlet of the tube are measured by two 
pressure transducers (Statham P23Db) which are connected directly to the 
system through rigid hypodermic needles. With the direct connection, the 
natural frequency of the transducers is high (180 Hz is specified by the 
manufacturer for 50 mm long 20 gage needle), and is well above the tenth 
harmonic frequency of any measured wave. The flows are measured with 
electromagnetic flowmeters (Biotronix BL-610) with two 3-inin cannulating 
probes whic^ are connected to che inlei. and Llic outlet of the tube. The 
dynamic response of the flowmeter was checked electronically and found to 
be flat to approximately 30 Hz with linear phase shift of 3.6%/nz. 
The calibration of the pressure transducers and the flow probes is 
obtained by means of static pressure and steady flow measurements, re­
spectively. The pressures and flows are recorded on a six channel Grass 
Polygraph and also sampled, digitized and calibrated by a PDP 8/e digital 
computer with a built-in A/D converter and a built-in clock. The use of 
the computer provides the advantages of measuremenc wich high accuracy, 
high sampling rate, and better control of the experimental course through 
Figui-i" 2 .  Schcmat : c of the expcn" inui ital flow systicm and inst ninienLation 
COMPUTER STRIP-CHART RECORDER 
j-i: 
L-
- PRESSURE TRANSDUCERS 
FL.i;XIBLE TUBE 
..A 
— CANNU_f\ FLOW PROBES-
— PERIPHERAL RESISTANCE 
TEST SECTION 
— FLEXIBLE TUBING 
— ELECTRICAL CONNECTIONS 
ELECTRO­
MAGNET IC 
FLOWMETER 
7 
PULSATILE 
PUMP 
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a fast calibration and a fast display of the recorded data. For each 
measured waveform, Fourier harmonic moduli were obtained, and subsequent­
ly, the Fourier series representing the experimental waveforms used for 
the numerical solutions. 
Input Parameters 
Through all the experiments, physiological saline with a density of 
997 kg/m? and viscosity of 8.9x10 ?a«s was used. Simultaneous record­
ings of the proximal and distal pressures and flows were obtained for four 
different frequencies (see Table 1). Data were sampled over a period of 
five seconds with a rate of one hundred samples per second, and subsequent­
ly, transferred to a high speed digital computer (Itel AS6). Frequency 
parameters D/ajp/ij/2, where co is the angular frequency based on the funda­
mental frequency of the pulsation, and Reynolds numbers pVD/y based on 
the peak and average velocities for all tests are given in Table 1. 
The data for the calculation of the tube compliance were obtained by 
blocking the tube at both ends and injecting saline into it in increments 
3 
of volume of 100 mm . in each step, the increase in pressure was record­
ed, and the corresponding increase in cross-sectional area calculated by 
dividing the step volume by the fixed length or the tube. The results of 
these tests are shown in Figure 3 where the slope of the curve represents 
the compliance. The constant compliance vas obtained by fitting the best 
straight line to the data in the operating pressure range. The coeffi­
cients for the nonlinear case were calculated by fitting a quadratic curve 
to the data over the operating pressure range (see Figure 3), Values for 
Table I . Summary of experimental systcMii parameters 
Compliance 
Frequency Frequency 
parametcn", 
f D/wp/^/^ 
Reynolds 
number 
pVD/yi 
Mean Peak 
0.40 
0.6?. 
0.9K 
I .49 
5.62 
6.97 
8 . 8 1  
10.89 
418 
Area, AQ 
Constant, 
% 
m^/N 
Nonconstant 
^0 
m'^  /N m^/N^ 
-TO -10 -14 
1085 3.53 10 3.2x10 1.7*10 0.5x10 
--S -10 -10 -14 
375 1253 3.50 10 3.1*10 1.0*10 0.7*10 
-3 -10 -10 -14 
387 1772 3.53 10 3.2*10 1.0*10 ' 0.7*10 
-5 -10 -10 -14 
410 1782 3.55 10 3.3*10 1.0*10 0.7*10 
Peripheral 
resistance, Z 
N's/m^ 
7.0*10" 
6.9*10' 
6.8*10" 
6.8*10' 
F:gur(> 3. KxpcrImcnLa J 1 y determined relationship between the tube cross-sectional area and 
t ransmura1 pressure 
I .  ( )  
MAXIMUM TEST PRESSURE 
1 
z: 
'3 
VI 
I 
CO 
VI 
o 
a :  
o 
U.I 
CD 2Z: 
ci: 
n:: C_) 
4.8 
4.0 
3.2 
2.4 
. 6 
0 . 8  
QUADRATIC APPROXIMATION 
, 1 
$ 
..L 
EXPERIMENTAL CURVE 
--LINEAR APPROXIMATION 
MINIMUM TEST PRESSURE 
i3 10 
CHANGE IN PRESSURE,kPa 
15 
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the compliances and the nominal cross-sectional areas, A^, are given in 
Table 1. These values varied slightly for the different tests, since the 
operating pressure range was slightly different for each test. 
The instantaneous peripheral resistance was obtained from the ratio 
of the instantaneous distal pressure to flow. Calculation of the instan­
taneous resistance indicated an insignificant variation with respect to 
either frequency or time, indicating that the peripheral resistance could 
be approximated by a "pure" resistance. Thus, the instantaneous values 
were averaged over a cycle to give a mean resistance, Z, which was used as 
one of the input boundary conditions. Values of Z are also given in Table 
1. 
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RESULTS AND DISCUSSION 
To check the validity of the basic flow model and the finite-element 
analysis, computer solutions for a variety of sets of boundary conditions 
and frequencies of oscillation were obtained from both the linearized and 
the nonlinear versions of the model. The predicted waveform of either 
pressure or flow was compared with the corresponding experimentally meas­
ured waveform. Proximal and distal boundary conditions utilized include: 
pressure-flow (p-Q), pressure-pressure (p-P) , flow-flow (Q-Q), pressure-
resistance (p-Z), and flow-resistance (Q-Z). Measured values for these 
boundary conditions were used as input to the computer model along with 
specified values of fluid density and viscosity, vessel compliance, mean 
cross-sectional area of vessel, and length of vessel. In general, the wave­
forms predicted from the linear model were in good agreement with the ex­
perimental results as illustrated in Figure 4. Some discrepancy is noted 
immediately preceding peak flow. This small difference between the meas­
ured and the predicted Hows %s due primarily zo the assumuuiuu con­
stant vessel compliance. Use of ihe nonlinear model to obtain a solution 
for the same boundary condicions and frequency of oscillation reduces the 
discrepancy between the calculated and the experimental waveforms, as 
shown in Figure 5. It was also found that the use of the nonconstant com­
pliance dampens resonance effects which may appear in the waveform pre­
dicted from the linear model. Thus, for example, the experimental data 
for the linear model were reconstructed from che first five harmonics 
(Figure 4) since higher harmonics were found to produce resonance, whereas 
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for the nonlinear model, the same experimental data were reconstructed 
from the first ten harmonics (Figure 5). 
Satisfactory results were obtained under all sets of boundary condi­
tions except the one that was specified by proximal and distal pressures 
(P-P). For the sets (Q-Z) and (P-Q), the agreement between the calculated 
and the experimental waveforms was similar to that obtained for the set 
(P-Z) in Figure 4. Good agreement between the predicted and experimental 
pressures was also obtained for the boundary conditions (Q-Q), as illus­
trated in Figure 6. However, it was noted that for these boundary condi­
tions, the solution may become unstable if there is a discrepancy between 
the means of the input proximal and distal flows. Even a small differ­
ence, which may result from small measurement error, was sufficient to 
cause instability in the predicted waveform. This result is to be ex­
pected since a difference between the mean flows is a violation of the 
continuity equation. 
Predicted flew waveforms were also obtained for the boundary condi­
tions (P-P). However, as previously noted, the results were not satis­
factory because the predicted waveform was shifted considerably from the 
mean of the corresponding experimental curve. It is believed that this 
shift is due primarily to small experimental errors in the measured dif-
terences between the proximal and distal pressures. The differences be­
tween proximal and distal pressures is generally very small compared with 
the pressures themselves and these differences are within the range of 
experimental errors. 
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Solutions were also obtained for a variety of frequencies of oscil­
lation. The corresponding frequencies are given in Table 1, and these 
values are typical of those frequencies found in the cardiovascular system. 
It was found that over the range of frequencies used for the experiments, 
the model was equally applicable with no significant changes in the 
quality of the predicted waveform due to changes in frequency. Results 
for the highest frequency studied (1,49 Hz) are shown in Figure 7. 
With the establishment of a valid model, the sensitivity of the pre­
dicted solution to different parameters could be investigated. In Figure 
8, the effect of varying the radius on the flow waveform is demonstrated. 
It is clear from this plot that the solution is not highly sensitive to 
the vessel radius. In general, it was found that neither the flow nor the 
pressure waveforms are sensitive to changes in radius regardless of the 
boundary conditions used, or the location along the tube in which the 
waves are predicted. 
Figure 9 shows pressure and flow waveforms which are calculated at 
different locations along the tube. The pressure waveforms at the five 
locations all fall essentially on the same curve (proximal pressure used 
as boundary condition), and individual curves cannot be distinguished on 
the scale used in the figure. Although the pressure reduction along the 
tube is very small, flow wave changes substantially between the proximal 
and distal ends of the tube. The damping of the flew waveform with axial 
vocation cepenas on the compliance of the tube, and it increases with an 
increase in compliance. The intensity of the pressure and waveforms at a 
speciTied location are also sensitive to a varying compliance. Figure 10 
Figure 7. Comparison of proximal flow predicted from the linear model 
with measured flow. Pressure-peripheral resistance boundary 
conditions with parameters; Ag = 3 . 50xl0"~^m-, Cg = 
S.lxlO-lOm^/N, p = 997 kg/m3, p = 8.9x10-4 Pa's, and f = 
1.49 Hz 
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indicates a marked elevation in the intensity of the flow wave due to an 
increase in compliance. It was observed, however, that the sensitivity to 
compliance of either the pressure or flow waveforms depends on the speci­
fied boundary conditions, and the location of the waveforms. In the case 
of boundary conditions (p-Z), the flow is most sensitive at the proximal 
end where it is not bounded, but this sensitivity is reduced towards the 
distal end where changes in flow are partially restricted by the fixed re­
lationship between flow, pressure, and resistance. In contrast, the pres­
sure is not very sensitive to the compliance near the proximal end where 
it is fixed by the input proximal pressure, but its sensitivity increases 
towards the distal end. 
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SUMMARY 
In this study, a finite-element model for a simple hydraulic system 
involving a pulsacile flow in a straight flexible tube vcs developed. T^o 
versions of the model, one involving a linear equation of state (constant 
compliance) and the other involving a nonlinear equation of state (non-
constant compliance), were investigated. It was possible to assess the 
validity of the model through a comparison of the predicted flow and pres­
sure waveforms and corresponding measured waveforms obtained from the 
hydraulic system. The results indicate that the linear model can be used 
to satisfactorily predict both flow and pressure waveforms for a variety 
of boundary conditions and a variety of frequencies of oscillation. In 
addition, it was demonstrated that the agreement between the predicted and 
experimental results can be improved through the use of a nonlinear model 
which utilizes a nonlinear equation of state relating the vessel cross-
sectional area and pressure. With the establishment of a valid model, it 
is possible co study Lite s^uslulvlLy u-f fluw wavaform to the 
various system parameters, such as vessel co~pli5ncs and radius. 
Although other numerical techniques have been used to solve this type 
of flow problem (method of characteristics and method of finite differ­
ence) , it is believed chat the finite-element method represents a very 
useful approach to this type of problem. The true potential and value of 
the finite-element model lies in its potential applicability to more com­
plex problems where the model can be readily expanded to include other 
factors such as vessel taper, partial obstruction (stenosis) of the cube. 
4 6  
branching, and more realistic models for the peripheral resistance. The 
use of the model to study flow through stenoses is illustrated in Part II 
of this paper. 
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ABSTRACT 
The finite-element model for pulsatile flow in a flexible unob-
stiTucted tuoe ^aescrioed zii rart—^ j-S cxpciuueu Lo j-ticxude a stenosis. ine 
applicability of the model is checked by comparing predicted flow and 
pressure waveforms with corresponding experimental results obtained from 
in vitro measurements on a mechanical system. The laboratory model in­
cludes a pulsating pump, a latex tube partially obstructed by a hollowed, 
cylindrical rigid plug, and a peripheral resistance. Good agreement is 
found between predicted and experimental flow and pressure waveforms. 
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NOMENCLATURE 
Average cross-sectional area at average pressure 
Minimum cross-sectional area of stenosis 
Coefficient matrix of linear terms in a model 
Half length of an element 
Coefficient matrix of nonlinear terms in a model 
Half of time step 
Coefficients of compliance 
Vessel diameter 
Minimum diameter of stenosis 
frequency of waveform 
coefficients 
Length of the stenosis 
Shape function matrix 
Pressure 
Nodal oiessure 
Pressure upstream of stenosis 
Pressure downstream of stenosis 
Flow 
Nodal flow 
Plow in the obstructed area 
Dimensionless axial length coordinate 
Dimensionless time coordinate 
Ti mo 
50a 
(6*1 
y 
p 
Vector of unknowns 
Fluid viscosity 
Fluid density 
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INTRODUCTION 
Arterial disease is one of the leading causes of deaths in the United 
States and much research has been directed coward uae study of this dis­
ease. One important aspect of this form of circulatory disorder is the 
development of a localized narrowing in an artery (stenosis) due to 
atherosclerotic involvement. Once a stenosis has formed, the blood flow 
through the diseased artery can be significantly altered, and fluid-
mechanical effects associated with flow through stenoses have been the 
subject of a number of previous studies. 
One of the most serious consequences of a partial occlusion due to a 
stenotic obstruction in a major artery is the reduction of blood flow to 
the vascular beds supplied by the artery. In previous investigations con­
cerned with the nature of this reduction [1,2], it was observed that in 
most cases, there were no significant effects on blood flow until the 
percent reduction of the obstructed cross-sectional area (percent steno­
sis; reacnea a critical value of approximacely 50%. SevcLdl investigators 
(see for example. Young [3]) have descr.strated, however, that reduction of 
mean blood flow cannot be simply characterized by the percent stenosis, 
since the blood flow also depends on other factors such as peripheral re­
sistance and collateral flow. Thus, normal mean flow under resting condi­
tions can be maintained in a severely obstructed vessel due to a com­
pensatory decrease in the peripheral resistance. 
Other studies have shov.Ti that a developing stenosis progressively 
alters the shape of the pressure and flow waveforms both upstream ana 
downstream of the obstruction [4]. These changes are produced by wave 
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reflection from the discontinuity (stenosis) in the elastic vessel. 
Farrar et al. [5] in a study of stenosis effects on the Fourier harmonic 
moduli of the pressure and flow waveforms demonstrated that gradual 
changes in the severity of the stenosis produced increases in the values 
of the harmonic moduli of the proximal pressure waveform, and decreases in 
the harmonic moduli of the proximal flow and distal pressure and flow 
waveforms. Furthermore, it also was observed that the zero harmonic 
modulus (mean flows or pressures) were less sensitive to a developing 
obstruction than the higher harmonic moduli. For example, at 70% steno­
sis, the zero harmonic modulus of the proximal flow was approximately 85% 
of the baseline (0% stenosis) zero harmonic modulus and the first, second, 
and third harmonic moduli were approximately 75%, 65%, and 55%, respec­
tively, of the baseline values. 
These past experimental studies indicate that changes in pressure and 
flow waveforms may represent relatively sensitive indicators of the pres-
e-nrp nf a stennsig. nnwever. the vsriotis factors which affect the wave­
forms are not clearly understood, and they are difficult to evaluate from 
in vivo experiments due to a lack of control of the physiologic variables. 
An alternate approach is a computer simulation of pulsatile flow in a 
flexible tube containing a stenosis which would allow for a systematic 
study of these factors. Thus, the purpose of the present study is to de­
velop a finice-elemenc model for pulsatile flow in an obstructed flexible 
tube, and co use this model co investigate quantitatively the effects of a 
developing stenosis on the flow waveform. To accomplish this, the model 
for uhe unobscrucced cube in ?arc-I is exoanded co include a relationship 
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between flow and pressure drop across a stenotic obstruction at a speci­
fied location along the tube. The model is validated by comparing calcu­
lated waveforms with corresponding experimental results. The experimental 
results were obtained from in vitro measurements of pulsatile flow in a 
latex flexible tube which is partially occluded by a rigid plug in the 
shape of a hollowed cylinder. 
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GOVERNING EQUATIONS 
Unobstructed Tube 
The model for pulsatile flow in an unobstructed flexible tube in 
Part-I was developed on the basis of one-dimensional flow equations. The 
model includes two equations which are derived from considerations of con­
servation of mass and momentum and a third equation of state which relates 
The momentum equation was linearized by assuming that: (a) the con-
vective acceleration term is negligible; (b) the friction term is propor­
tional to the flow rate (approximated by Poiseuille flow); and (c) the 
changes in cross-sectional area due to changes in pressure are negligible 
compared with the cross-sectional area itself and, therefore, the varying 
cross-sectional area in the coefficients of the momentum equations can be 
approximated by a constant average cross-sectional area, A^. 
The dependence of the cross-sectional area on the pressm-p (pqi.iarion 
of state) is approximated by a quadratic polynomial equation with the co­
efficients of this equation obtained by direct measurements of tiie changes 
in cross-sectional area with pressure. The basic equations of this model 
he cross-sectional area with the pressure 
are 
0 ( 1 )  
P SQ 
where eauation ( 1 1 is nhr^ined 
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the equation of state and equation (2) is the linearized momentum equa­
tion. 
Stenosis 
The instantaneous pressure drop across a stenosis under pulsatile 
flow conditions depends on three elements. The first is energy dissipa­
tion due to viscous flow in the obstructed area. The second is the energy 
loss associated with nonlinear entrance effects and with the highly dis­
turbed flow in the expansion region downstream of the stenosis. The third 
is the energy required to accelerate the blood over the length of the 
obstruction. 
On the basis of an extensive series of vitro measurements utiliz­
ing models of arterial stenosis, Young and Tsai [6] proposed that the in­
stantaneous pressure drop could be calculated from the following equation 
4K w 8K. An . K pL dQ 
I' iV 11 ly u. 11  ^
where the first term in the equation represents viscous losses, the second 
term represents highly nonlinear losses due co entrance-exit effects, and 
the third term represents the pressure differential required for acceler­
ating flow. 
The coefficients K , K and K are empirical Quantities and generaliv 
V t u 
they depend on the stenosis geometry and the frequency parameter a = 
D/uu /v/2. The coefficients and appear to be only slightly dependent 
on stenosis geometry and the frequency parameter, and they can be ade-
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tively [7,6]. For the range of alpha parameter commonly found in the 
circulatory system, the pulsatile flow is frequently approximated by a 
quasi-steady flow, and consequently the viscous term can be approximated 
by results obtained in steady-flow. For a steady flow, the coefficient 
has been determined empirically for a stenosis geometry in the shape of 
a hollowed cylindrical plug with stenosis length by the equation [7] 
*0 2 
\ f (4) 
with 
L = 0.83L + 1.64D, (5) 
a s -L 
where represents a modified stenosis length which absorbs the effects 
of a nonparabolic velocity profile at the entrance and exit of the tube. 
Comparisons of the pressure drops estimated by equation (3) with those 
obtained from vivo experiments [8] show reasonable agreement and sup­
port the applicability of the equation. 
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NUMERICAL METHOD 
Unobstructed Tube 
As discussed in Part-I, for the unobstructed tube equations, the 
finite-element method was applied on both time and axial length coordi­
nates to reduce the system of partial differential equations (1) and (2) 
to a system of algebraic equations. The method is briefly reviewed here. 
A linear isoparametric quadrilateral element was considered. For this 
element, the shape function is 
[Nl = = |K^,0,N2,0,N3,0,N4,0l 
 ^  ^ [N2J |0,Ni,0,N2,O.N],0,^ 4] 
and 
= "I" (1 + rr^ ) (1 + ss^ ) , r^  = ±1, s^  = ±1, i = 1, 2, 3, 4 
where r and s are the dimensionless coordinates corresponding to axial 
length and time, respectively. Within the element, the pressure and flow 
representation is 
{9^  = 
and 
~ [pn» Q-iJ Po ) *••» PA' 9, A ] 
where p,, , etc., are the nodal values of pressures and flows. 
The pressure flow representation is substituted into equations (1) 
and (2), and the Galerkin method is employed to obtain the element equa-
Thc rinita-ala%ent schema propagates ir. marching time increments 
where in each time increment, the solucion for one line of elements 
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representing the total tube length is obtained (see Figure 1, Part-I). 
Therefore, for the global system of equations, there are assembled a set 
of elements along the axial length axis and one time increment along the 
time axis. For each time increment, k, half of the number of unknown 
nodal pressures and flows (initial conditions) are specified by the solu­
tion of the previous time increment, k-i. Substitution of these initial 
conditions into the global matrix equation yields a reduced matrix equa­
tion where only half of the original number of nodal pressures and flows 
are unknowns. The reduced matrix equation is 
[A"]{C"} + [B"]{0"} = {f--} (6) 
where [A"] and [B"] are coefficient matrices corresponding to the linear 
and nonlinear terms in the model equations, respectively. The vector of 
the unknowns is 
= [p?, q?, P4, q2n-2' ^Zn' ^Zn^ 
and {f--} is a force vector that emerges from the substitution of the ini­
tial conditions. 
In addition, two boundary conditions are required to completely de­
fine the problem. The first is prescribed by the pressure at the inlet of 
the tube (proximal pressure) and the second by the flow at the outlet of 
t'p.e tube (distal flow), or alternatively by the peripheral resistance. 
The treaLment of a boundary condition, prescribed by either pressure or 
-low, 13 to substitute its value inLo che reduced matrix equation. For a 
boundary condition specified by the peripheral resistance, the last equa­
tion of the system represented by equation (o) is replaced bv an alsebraic 
equation which relates trie disLal and flow with the resistance. 
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Stenosis 
For a stenosis specified in element m, the unobstructed tube element 
equations corresponding to the stenosis element are removed from the 
global system yielding two independent systems of equations that corre­
spond to the two tube sections upstream and downstream of the stenosis. 
In the obstructed element, the governing equations are 
k _ k  ^^ v^ k GK_P _ _ 2, k ,_k . Q2_ - Qom 
P2m - P2m+2 " ^ ,3 iSzaiyz* " At 
(7) 
and 
2^0+2 (8) 
where At is the time increment. 
Solution to the algebraic system of equations of the obstructed tube 
is obtained by employing an iterative procedure which involves a combina­
tion of a modified bisection method and the method of solution for the 
unobstructed tube described in Part-I. Further details of tne iterative 
procedure are available in reference [9]. 
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EXPERIMENTAL MODEL AND INPUT PARAMETERS 
A complete description and a schematic of the basic flow system is 
given in Part-I. The main three elements of the mechanical system are the 
pulsatile pump, a section of flexible (latex) tubing, and a peripheral 
resistance. To simulate the stenosis, a rigid plug in the shape of a 
hollowed cylinder made from Plexiglas was inserted into the tube. Pres­
sures and flows at the inlet and outlet of the tube were recorded simul­
taneously. The experimental data were sampled, digitized, and calibrated 
with a minicomputer (PDP8/e) and subsequently transferred to a high speed 
digital computer (Itel AS6). For each measured waveform, Fourier harmonic 
moduli were obtained, and subsequently, the Fourier series representation 
of the experimental waveforms was used for input boundary conditions in 
the numerical solution, and for data for evaluation of the model. 
Input Parameters 
Through all the experiments, physzologzcal saline wich densiuy uT 
997 kg/m~ and viscosity of 8.9x10 ?a's was used. The coefficients of 
the compliance Cq and were obtained from direct measurements of the 
variation of the cross-sectional area with pressure (see input parameters, 
Part-I) and their values were found to equal 1.0 oT/N and 1.4 m /l\~, re­
spectively. Two hollowed plugs both with cuter diameters of 6.36 mm and 
lengths of 10 mm were used. These plugs had inner diameters of 2.00 mm 
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RESULTS AND DISCUSSION 
Validation of the Mathematical Model 
To validate the finite-element model, computer solutions for differ­
ent conditions which included different frequencies of oscillation, per­
cent stenosis, and locations of stenosis were compared with measured re­
sults. Proximal pressure and distal flow were measured and used as 
boundary conditions in the computer model. In addition, specified values 
of fluid density, viscosity, vessel compliance, mean vessel radius, length 
of vessel, outer and inner diameters of the obstructing plug and length of 
the plug were used as input parameters. Examples of comparisons of the 
calculated and measured waveforms for the proximal flow and distal pres­
sure are shown in Figures 1 through 4. In general, it was found that the 
model satisfactorily predicts both the pressure and flow waveforms and it 
is equally applicable for the range of the different condition (frequency 
of oscillation, percent stenosis and location of stenosis) used. It 
therefore assumed that this model could be used to study the effect of a 
developing stenosis on the pulsatile waveforms. 
Stenosis Effects on the Flow Waveform 
To approximately simulate the flow conditions which may be found in 
the circulation, a set of boundary conditions which included proximal 
pressure and distal resistance was used. One driving proximal pressure 
was used for all the calculations. The same normal mean flow for differ-
Figure 1. Comparison of predicted proximal flow and distal pressure 
predicted with measured flow and pressure for an obstructed 
tube; the reduction of lumen area due to stenosis is 90.1%, 
the stenosis is located midway between the proximal and 
distal ends of the tube, and f = 1.03 Hz 
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peripheral resistance. Thus, for example, for an increase in percent 
stenosis which was simultaneously followed by a decrease of mean flow, the 
peripheral resistance was decreased until the normal mean flow was 
achieved. In one case, a lower limit for the peripheral resistance was 
assumed and a solution with a reduced mean flow was obtained. 
Effects of a gradually increasing stenosis (50%, 75%, 85% and 95%) 
under constant mean flow conditions are illustrated in Figure 5. It is 
clear that an increasing stenosis is progressively depressing the pulsa-
tility of the flow waveform. This observation is consistent with ^  vivo 
experimental results obtained by other investigators [4,5]. Figure 5 also 
illustrates a flow waveform with reduced mean flow for 95% stenosis. In 
this case, the mean flow was reduced by approximately 34%. Comparison of 
this waveform and the one with the normal mean flow, also for 95% steno­
sis, indicates that the pulsatility (ratio of peak to mean flow) of the 
reduced mean flow waveform is less sensitive to stenosis changes. 
The Fourier harmonic moouji nf the waveforms illustrated i:i Figure 5 
were obtained as a quantitative measure of waveform changes. The per­
centage reduction of the first five harmonic moduli with respect to the 
corresponding moduli which were obtained under conditions of 0% stenosis 
are given in Figure 6. Higher harmonics were not considered since their 
magnitude was small and fell within the range of calculation errors. As 
it would be expected, the magnitudes of the first four zero harmonics 
(mean flows) are approximately equal. Slight differences are due to the 
Figure 5. Effects of a developing stenosis on the proximal flow 
waveform; four waveforms have the same normal mean flow; 
the fifth waveform has a mean flow reduced by approxi­
mately 35% 
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numerical scheme used to adjust the peripheral resistance to maintain a 
constant mean flow. In general, it is noted that the magnitudes of the 
nonzero harmonic moduli are reduced by an increasing percent stenosis. 
The reduction for a given percent stenosis, however, is not necessarily a 
uniform reduction with increasing frequency. Thus, for example, harmonics 
one, two and four are not highly sensitive to changes of mild or moderate 
stenoses (below 80%) but are highly sensitive to changes in severe steno­
sis, whereas harmonics three and five demonstrate more uniform attenuation 
over the range of 50% to 100% stenosis. Figure 6 also illustrates the re­
duction of harmonics that were obtained under conditions of reduced mean 
flow. For this 95% stenosis, the reduction of the zero harmonic modulus 
is 34%, whereas the reductions of the five nonzero harmonic moduli are 
44%, 49%, 74%, 64%, and 70%, respectively. Thus, even with reduced mean 
flow, there are still significant changes in the higher harmonics. 
In general, the effect of a stenosis on the harmonic moduli, as 
1 MiscTated in Figure 6, exhibits trends v:hich are similar to those re­
ported in previous studies [4,5]. Quantitatively, however, these effects 
show different frequency dependence on the stenosis geometry. For exam­
ple, the finding of Farrar et al. [5] indicates that the third and the 
fourth harmonics were more sensitive to the stenosis changes than the 
first harmonic, whereas the results from the computer model indicate simi­
lar sensitivity for the first, second, and fourth harmonics. It is be­
lieved that these differences arise primarily from the differenc condi­
tion? under which the waveforms were obtained. In Farrar et al., the 
flow waveforms were obtained in the vicinity of the proximal end of trie 
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stenosis, whereas in the present study, the flow waveforms were calculated 
at the inlet of the tube far from the stenosis. The significance of the. 
location at which the waveform is recorded is demonstrated in Figure 7. 
This figure illustrates simultaneous flow waves calculated at different 
sites along the tube. It is clear that the various waveforms and conse­
quently their harmonic composition are different. Another factor, in 
addition to the stenosis geometry and stenosis location that may influence 
the flow waveform, is the nature of the resistance distal of the stenosis. 
In this study, the simplest model for this resistance was used, i.e., a 
"pure" resistance. In the circulatory system, however, the distal re­
sistance may include elements which are produced by other factors such as 
compliance of the peripheral vascular bed. It is clear that the effect of 
a stenosis on the flow waveform cannot be simply characterized by the 
stenosis geometry, and that a full understanding of this complex problem 
involves examination of all the various factors mentioned above. 
Figure 7. Simultaneous flow waveforms predicted at different loca­
tions along the tube 
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SUMMARY 
In this study, a finite-element model for pulsatile flow in obstruct-
N R) ^OTTII^TRN'-NCI/^ TV-*C> R.TNC R»V\OR»VOR) 1-*^' R» RSTN-O "V "Î CR 
calculated and experimental results, and was shoT-m to give good agreement. 
The validated model was subsequently used to investigate certain effects 
of a developing stenosis on the flow waveform. These results, when com­
pared with past in vivo studies, support the applicability of the model 
and provide useful information with regard to the various factors that 
influence this type of flow problems. It is believed that computer 
modeling of the type presented can prove to be useful in the study of the 
fluid-mechanical aspects of arterial disease. 
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SUMMARY 
The fluid-mechanical aspects of blood flow in both normal and 
1. Finite-element models for pulsatile flow in both unobstructed and 
obstructed tubes were developed. 
2. The applicability of these models was checked by comparing pre­
dicted solutions for pressures and flows with experimental re­
sults . 
3. The experimental results were obtained from ^  vitro measurements 
on an experimental laboratory system. 
4. The validated models were used to study the various factors that 
influence the pulsating flow. 
The principal results obtained in this study are as follows: 
1. The assumptions made in the development of the mathematical 
models are reasonable since the models satisfactorilv nredict the 
:. The finite-olement method provides a powerful numerical technic: 
for the studv nf flow problems. 
w . «_«. » * ^  s-. ^  -k. L 1 i_ k_/ i. «_! Vi  ^ L/ Lmi U. d ^  L 
changes in vessel compliance. 
In the obstructed tube, a developing stenosis progressively 
alters the shape, and consequently the harmonic 
 ^c i 1 c r <Li ^  u i din i.S ci u«j:CrccJ.Sxi:^  WriV t: I O i 
Duisatilitv with increasing percent stenosis. 
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It is believed that computer modeling of the type presented can be 
useful in the study of blood flow problems related to the circulatory 
system. 
It is suggested that future research expand the present models to 
include other elements of the circulatory system which may play a sig­
nificant role in the study of pulsating blood flow in arteries. These 
elements would include: 
1. Tapering of the tube in which the average cross-sectional area is 
function of the axial length coordinate. In this case, the 
effect of the convective acceleration may not be negligible. 
2. A more realistic representation of the peripheral bed resistance 
to include the effect of the bed compliance. 
3. Branches emanating from the main artery which carry either col­
lateral flow into the artery or distribute flow to the various 
peripheral vascular beds. 
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APPENDIX A 
This details the finite-element method used to obtain element equa­
tions for the unobstructed tube. The element used in this study is shown 
below. 
I 
u 
T1 I 2b L 
2a 
3(1,1) 
"J 2(1, 
-1) 
X 
The partial differential equations of the unobstructed tube with the 
nonlinear equation of state are 
i;: + 2^. + c;p = 0 (Ai) 
^+L-|%4-RQ-0 (A2) 
The linear isoparametric shape functions for the quadrilateral ele­
ment are 
r\Ti — r-i _ L^-J - J =>/ > :) (1 - s) , (1 n _ n n 1 
(A3) 
•where r and s are dimensionless coordinates corresponding to the axial 
 ^r- ^  C -Y- o  ^w f» 1" > \rt~» i \ 
cween r. s, x ana z are 
X - X, n 
r = IA4; 
rA5^ 
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where (x^, t^) = center of rectangle. And, 
il = i 
dx a 
ds 1 
dt b 
(A6) 
IA7) 
dx dt = a b dr ds (AS) 
Within the element, the pressure and flow are approximated by 
p = [N]{p^} (A-9) 
and 
Q = [N]{q^} (AlO) 
where {p } and are the nodal pressures and flows given as 
{p^} = P2' Pg, P4]' (All) 
{q^} = 92' ^ 3' 44]^ (A12) 
Therefore, 
It-It 
{p } = 7^ '-(1-s): (1-s), (1+s) , -(1+S)]{p } (A14) 
dx or dx a or n 4a n 
34 = 3Q ds 1 JL 
and 
« dt - b 3s (Sn) = fr [-(1-r), -(1+r), (1+r). (A15) 
# = (aw) 
The Galerkin nethod leads to 
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(A18) 
Substitution of equations (13), (14), (15), and (16) into equations (17) 
and (18) and performing the appropriate integration gives 
^-2 2 1 -1 -, 
1 rl 3Q b 
-1 -1 
^ a b dr ds = 7" 
dx 6 
- 2  2  1 - 1  
- I  1  2  - 2  
•_1 1 9 _9 
q_; (A19) 
-1 -1 "0 3t 
C^a 
-2 
-1 
-1 
.9 
- 1 1 2  
-2 2 1 
-2 2 1 
- 1 1 2  
(A20) 
i -1-1 
1 1 T ^ -2 2 1 -1 
[  N  ]  "  ^  a b d r d s = - 7 -
•-1 -1 ox 6 I n 1 
? 
• - 1  
2  - 2  
9 -9 
(A21) 
1 T 
LLx]- a D ar ûs = 
- 1 - 2  2  1  i  
(A22) 
i- _9 
: 9 1 9 
r^L-^J y a 0 cr cs = K a 3 
I z 
I 1 2 
i I 
: -
to J 
2 I 
(A23) 
? 
anc 
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p ^ 2 a b dr ds = (A24) 
where B is nonconstant coefficient matrix whose elements are 
®11 " "4Pi ~ 4/3p, + l/Spg + 
6^2 = -4/3pi - 4/3p2 + l/Sp^ + l/Sp^ 
= l/3p^ + l/3p, + 2/3p^ + 2p^ 
®14 = -l/3Pi - l/3p, + 2/3p^ + 2p^ 
= -4/3p^ - 4/3p^ + l/3p^ + l/3p^ 
= -4/3p, - 4/3p^ + l/3p^ + l/3p, 
^23 " l/3Pi + P? + P] + 2/3p^ 
= l/3pu + l/3p^ + 2/3FU + 2/3p, 1 ^ J a 
= -2/3p^ - 2/3p, - 1/3P2 - l/Sp^ 
B32 = -2/3pT - 2p2 - Pg - l/3p^ 
R = — 1 / "% T-\ T-v -i- /i r\ -L. 
-"00 ro • ' X o • 
R =r — l/'s-Tï — r> -i- A / 
J4 - I '2 '3 ' 4 
2 ^ -2pi - 2/3p^ - I/3p^ - p^ 
5^2 = -2/3p, - 2/3p, ^  4/3p - 4/3p^ 
^63 = -1/3P2 " l/jp? + 4/3p2 + 4/3p^ 
^64 = "Pi " I/JP? + 4/3p2 + 4p^ 
iiio wvoi-dx-L. u:ciuL c^u^L^on ^or oné c lèiTicriL. is 
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where 
-ec^a 
— ^  K 
-6b 
-6La 
+8Rab 
-3C^a 6b 
-3La 
+4Rab 
3C'a 3b 
3La 
+2Rab 
6C^a -3b 
6La 
+4Rab 
-3Cj 
-6b 
[A]e = 
-3C;a 
3b 
-3b 
-6b 
-3La 
+4Rab 
-3b 
-3La 
+2Rab 
-3b 
-6La 
+4Rab 
-6C^a 
6b 
-ec^a 
3b 
-3C'a 
3b 
5b 
-6La 
+8Rab 
3b 
-6La 
+4Rab 
3b 
—3La 
+2Rab 
3b 
6b 
6b 
3b 
6La 
+4Rab 
6C'a 6b 
6La 
8Rab 
3Cga 6b 
3La 
+4Rab 
-3b 
3C^a 
-6b 
6C' = 
-6b 
3La I 
+2Rab I 
I 
-6b I 
3La 
+4Rab 
-6b 
6La 
+8Rab 
{6} = [p,, q,, p^, q^, p^, q^, p,, q ] 
anc 
r« 
11 12 
0 0 0 0 
B 13 
0 
1 L 
0 0 
31 
0 
0 
0 32 
0 
0 
0 13 
0 
0 
0 
n 1 
0 
0 
APPENDIX B 
The method of solution for the algebraic system of equations of the 
is dzscribed here. Fur each uT i 
tiens upstream or downstream of the stenosis the system of equations is 
+ [B*]{0*} = {f*} (Bl) 
The system of equations for a stenosis located at element m is 
pL -  ^ + G = 4+2 
where k is the number of time increment. 
The method of solution is based on the bisection method applied to 
(32). The error is calculated using the following steps; 
1. Guess for q!^ . 
zm 
2. Substitute as distal boundary condition for the upstream tube 
section and proximal boundary condition for the downstream tube 
section. 
k 
' 2m-r2 • 
OT--»-r>r- rTTTTQT-
?n_ - P^_.. - A Q^_ - - C 
zm • zm lAt 
To use the bisection method, two initial flows and Qp which yield 62^ 
and AE,, such that AE "AE. < 0 are recuired. To find such flows, a search 
a A A 
T m M T" "T tZ. TO 1 1 c raX 
. ... „ _ ~k-i 
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2. Let AQ = 
3. Let i = 1 
/  l A r s  ^  _ _  - 1  n  
. i^ cL. i-iy J. - X , z. , _), 
Calculate AE. 
1+1 
6. If (AE^+^)(AE^) 
7. If AE, - AE.^^ 
A 1+1 
<0 set Q = stop bisection method 
>0 continue 
>0 set i = i + 1 return to steu 4 
^<0 continue 
8. Let Q. = Q 
9. Let AQ = -AO set i = i + 1 return to step 4 
Once the two flows Q and Q are found, the bisection method with the 
following algorithm is used: 
For i = 1, 2, 3, repeat the steps as needed. 
(<CQ, set = Q, 
1. If Q. - Q„ I £ is small number 
^ I >EQ continue 
. _ QA + 
n I r" 1 1 I -n f- o T 
1 
. If AE.-AE, 1 A 
1 = n 
\.\ i^ 
I_ Y 
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APPF.NDTY 
I'Mgure Cl. Experimental laboratory system 
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